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The eccentric distance sum (EDS) is a novel topological index that offers a vast potential for
structure activity/property relationships. For a connected graph G , the eccentric distance
sum is deﬁned as ξd(G) = ∑v∈V (G) ecG (v)DG (v), where ecG (v) is the eccentricity of
a vertex v in G and DG (v) is the sum of distances of all vertices in G from v . More
recently, Yu et al. [G. Yu, L. Feng, A. Ilic´, On the eccentric distance sum of trees and
unicyclic graphs, J. Math. Anal. Appl. 375 (2011) 99–107] proved that for an n-vertex tree T ,
ξd(T ) 4n2 − 9n+ 5, with equality holding if and only if T is the n-vertex star Sn , and for
an n-vertex unicyclic graph G , ξd(G) 4n2 − 9n + 1, with equality holding if and only if
G is the graph obtained by adding an edge between two pendent vertices of n-vertex star.
In this note, we give a short and uniﬁed proof of the above two results.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Recently, a novel distance-based molecular structure descriptor, for predicting biological and physical properties—
eccentric distance sum was proposed by Gupta, Singh and Madan [3]. It has a vast potential in structure activity/property
relationships. The authors [3] have shown that some structure activity and quantitative structure-property studies us-
ing eccentric distance sum were better than the corresponding values obtained using the Wiener index [2], deﬁned as
W (G) = 12
∑
v∈V (G) DG(v). The eccentric distance sum of G (EDS) is deﬁned as
ξd(G) =
∑
v∈V (G)
ecG(v)DG(v),
where ecG(v) is the eccentricity of a vertex v in G and DG(v) is the sum of distances of all vertices in G from v .
More recently, the mathematical properties of EDS have been investigated [4,5]. In particular, Yu et al. [5] characterized
the extremal tree and unicyclic graph with respect to EDS among all n-vertex trees and unicyclic graphs, respectively. More
precisely, they proved the following results.
Theorem 1. (See [5].) Let G be a tree on n 3 vertices. Then ξd(G) 4n2 − 9n + 5, with the equality if and only if G ∼= Sn.
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coincide with each other.
Theorem 2. (See [5].) Let G be a unicyclic graph on n  4 vertices. Then ξd(G)  4n2 − 9n + 1, with the equality if and only if
G ∼= Hn,3 , the graph obtained by attaching n − 3 pendent edges to a vertex of C3 .
Remark 2. In [5], the authors required that n 6 in Theorem 2. In fact, we ﬁnd that Theorem 2 holds for all values of n 4.
In this note, we shall present a short and uniﬁed proof of the above two results by treating the lower bound for EDS of
a more general graph class, namely, cacti, than trees and unicyclic graphs.
Before proceeding, we introduce some notation and terminology. For a graph G , let dG(v) be the degree of a vertex
v in G . If dG(v) = 1, then v is said to be a pendent vertex in G . An edge incident to a pendent vertex is said to be a
pendent edge. Denoted by, as usual, Sn and Cn the star and cycle on n vertices, respectively. The distance between two
vertices u and v in a graph G is denoted by dG(u, v). The eccentricity of a vertex v in a connected graph G is deﬁned
as ecG(v) = max{dG(v,u) | u ∈ V (G)}. A tree is a connected graph having no cycles. A unicyclic graph is a connected graph
whose number of vertices equals to number of edges. A cactus is a connected graph, each of whose blocks is either a cycle
or an edge. It is obvious that if a cactus has no cycles, then it is just a tree, and if a cactus has exactly a cycle, then it is
just a unicyclic graph. Other notation and terminology not deﬁned here, the reader is referred to [1].
2. A short and uniﬁed proof of Theorems 1 and 2
In this section, we give a short and uniﬁed proof of Theorems 1 and 2. Rather than directly presenting a new and short
proof, we ﬁrst deal with the lower bound for EDS of a cactus. As a consequence, one can easily deduce Theorems 1 and 2
above.
Theorem 3. Let G be a cactus with n 4 vertices and k 0 cycles. Then ξd(G) 4n2 − 9n − 4k + 5, with the equality if and only if
G ∼= Catn,k, where Catn,k is the cactus obtained by introducing k independent edges among pendent vertices of n-vertex star Sn.
Proof. For a cactus with n vertices and k cycles, we clearly have n 2k + 1. By the deﬁnition of cactus, any two cycles in a
cactus are edge-disjoint. Let A = |{v ∈ V (G) | ecG(v) = 1}| and B = |{v ∈ V (G) | ecG(v) 2}|. Then A + B = n.
We claim that A  1. By contradiction. Suppose that A  2 and let u and v be vertices in G such that ecG(u) =
ecG(v) = 1, that is, dG(u) = dG(v) = n − 1. But then, G is not a cactus, since G has cycles sharing common edges.
Assume ﬁrst that A = 1 and let v be a vertex in G such that ecG(v) = 1. Then each vertex u in V (G) \ {v} is adjacent
to v . By our assumption that G is a cactus with k cycles, we know that G can only be the graph obtained by adding k
independent edges among pendent vertices of n-vertex star Sn . That is, G ∼= Catn,k . A simple computation gives ξd(Catn,k) =
4n2 − 9n − 4k + 5.
Now, we consider the case of A = 0. We shall prove that ξd(G) > 4n2 − 9n − 4k + 5 below.
In this case, we have ecG(v) 2 for each vertex v in G . According to the deﬁnition of EDS,
ξd(G) 2
∑
v∈V (G)
DG(v)
= 2
( ∑
v∈V (G)
dG(v) +
∑
v∈V (G)
∑
u∈V (G)\NG [v]
dG(v,u)
)
 2
( ∑
v∈V (G)
dG(v) +
∑
v∈V (G)
∑
u∈V (G)\NG [v]
2
)
= 2
[ ∑
v∈V (G)
dG(v) +
∑
v∈V (G)
2
(
n − dG(v) − 1
)]
= 2
[
2n(n − 1) −
∑
v∈V (G)
dG(v)
]
= 4n(n − 1) − 4m,
where m denotes the number of edges in G .
Since any two cycles in a cactus are edge-disjoint, there are exactly n + k − 1 edges in a cactus with n vertices and k
cycles. So, we get
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[
4n(n − 1) − 4m]− [4n2 − 9n − 4k + 5]
= [4n(n − 1) − 4(n + k − 1)]− [4n2 − 9n − 4k + 5]
= n − 1 > 0,
as claimed.
This completes the proof. 
By setting k = 0 and 1 in Theorem 3, respectively, we immediately obtain Theorems 1 and 2 as desired.
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